Abstract. We sketch a theory of divisibility and factorization in topological monoids, where finite products are replaced by convergent products. The algebraic case can then be viewed as the special case of discretely topologized topological monoids. We define the topological factorization monoid, a generalization of the factorization monoid for algebraic monoids, and show that it is always topologically factorial: any element can be uniquely written as a convergent product of irreducible elements. We give some examples of topologically factorial monoids. Furthermore, we investigate some topological properties related to the convergence of infinite products.
A primer on algebraic monoids
In this section, we give some basic definitions on the divisibility and factorization theory of algebraic monoids. For additional information we refer to [6, 5] 1.1. Divisibility. An (algebraic) monoid H is a semi-group with a neutral element. In this paper, H is assumed to be abelian and cancellative. Unless otherwise stated, we write H multiplicatively and denote by 1 ∈ H its neutral element. Only the monoid N = (N, +) will be written additively, with 0 ∈ N the neutral element.
We denote the set of units in H by H × , and say that H is reduced if H × = {1}. Since H × is a subgroup of H, we can form the factor monoid H red = H/H × , which is reduced. More explicitly, H red = H/ ∼ where a ∼ b iff a = eb for some e ∈ H × . If a, b ∈ H then we say that a divides b, and write a |b , if there exists a (necessarily unique) element c ∈ H such that ac = b. An element p ∈ H \ H × is said said to be irreducible if p = ab with a, b ∈ H implies that either a or b is a unit. The irreducible elements in H are called atoms; we denote by A(H) the set of all atoms in H.
We say that p ∈ H \ H × is prime if whenever p divides ab, it divides either a or b. Note that a prime element is always irreducible.
For a set P , we denote by F (P ) the free abelian monoid on P . If M ⊂ H is a subset of H, we denote by [M ] the submonoid generated by M .
1.2. Factorization. Let H be an abelian, cancellative and reduced algebraic monoid.
The free abelian monoid F (A(H)) is called the factorization monoid of H, and the canonical homomorphism
is called the factorization homomorphism. If p ∈ H, then the elements in π i) H is atomic and the factorization of each element p ∈ H \ {1} is unique up to order and associates, ii) The factorization homomorphism π H is an isomorphism. Proposition 1.3. In a factorial monoid, irreducible elements are prime. Hence unique factorization into atoms implies unique factorization into primes.
Topological monoids
We assume standard notions of topology and topological semigroups, as used for instance in [4, 8, 3] .
2.1. Divisibility. We shall consider also the case where H is a topological monoid, that is, a monoid with a topology on its underlying set such that the multiplication map H × H → H is continuous. Following [4] , we assume that the topology on H is Hausdorff. Note that any algebraic monoid is a topological monoid when endowed with the discrete topology.
To be able to talk about infinite products, we make the following definition (this is the same definition as is used in [3] , but differently phrased): Definition 2.1. A (possibly infinite) product
is convergent iff the net (φ, ∆) converges to U , where ∆ is the directed set of all finite subsets of J, and for F ∈ ∆, φ(F ) = j∈F f j .
We can regard any infinite product of the form
as an instance of (2) by taking J = I and f j = g αi i , or by replacing g α(i) with α(i) copies of g and enlarging the index set accordingly. We can assume that α(i) < ∞ because of the following lemma:
n → xa, but we also have that x · x n → a, hence xa = a. This is impossible since H is cancellative and x = 1. Definition 2.3. If M ⊂ H is any subset of a topological monoid H we denote by [M ] * the submonoid generated by all convergent products of elements in M . (2), U = j∈J f j be a convergent product, with J any set; let ∆ be the directed set of all finite subsets of J, let for F ∈ ∆, φ(F ) = j∈F f j , and let (φ, ∆) be the corresponding net. By definition of convergent products, the net converges to U ∈ H. Since φ(
Example 2.5. Let
be given the subspace topology, and let H be the following abelian topological monoid. As an algebraic monoid, H is the free abelian monoid on X; we denote by e 0 the basis vector corresponding to 0, and by e i the basis vector corresponding to 1/i. There is a surjection
We give H the smallest topology such that φ is continuous, that is, a sequence
We will write the commutative monoid operation on H additively.
* . To see this, let g : X → R be the natural inclusion, which is of course continuous and closed. Suppose that e 0 = i∈I e ci with c i ∈ N + is a convergent sum, then by continuity of g we get that 0 = g(e 0 ) = g( i∈I e ci ) = i∈I g(e ci ). But g(e ci ) > 0 in the natural total order on R, hence i∈I g(e ci ) > 0, a contradiction. We say that p ∈ H is topologically prime if whenever p divides a convergent product, it divides some factor. Clearly, p ∈ H is topologically prime =⇒ p is prime =⇒ p is irreducible. We denote by B(H) the set of topologically prime elements in H.
We denote by N A(H) the set of all maps A(H) → N, made into a monoid by means of componentwise addition and with the zero map as the neutral element. The partially defined map
is defined whenever the right-hand side of (6) is a convergent product. Denote by Z(H) ⊂ N A(H) the submonoid of convergent factorizations, We shall in what follows regard π H as a map Z(H) → H, and call it the topological factorization homomorphism (it is clear that it is indeed a homomorphism). We call Z(H) the topological factorization monoid of H; note that it contains the factorization monoid of H.
We define D = D(H), the topologically prime factorization monoid of H as the submonoid i) H is topologically atomic and the factorization of each element h ∈ H \ H × as a convergent product of atoms is unique up to association and order, ii) The topological factorization homomorphism π H : Z(H) → H is an isomorphism of algebraic monoids.
Definition 2.12.
H is said to be topologically prime factorial if the following equivalent conditions are fulfilled: i) H is topologically prime atomic and the factorization of each element h ∈ H \ H × as a convergent product of topologically prime elements is unique up to association and order, ii) The homomorphism π H |D : D → H is a algebraic isomorphism.
Lemma 2.13. If H is a topologically prime factorial monoid, and if
Proof. The underlying algebraic monoid of H is isomorphic to a submonoid of N B(H) .
If in an [topologically atomic, topologically prime atomic, topologically factorial, topologically prime factorial] monoid H every element can be written as an at most countable convergent product of [atoms, topologically prime elements], then we call H a [c-topologically atomic, c-topologically prime atomic, c-topologically factorial, c-topologically factorial] monoid.
The following lemma is immediate.
Lemma 2.14. [A(H)] is an atomic topological monoid, and if in addition the (algebraic) factorization homomorphism is injective, then [A(H)] is factorial as an algebraic monoid. [A(H)] * is a topologically atomic monid. If in addition the topological factorization homomorphism is injective, then [A(H)]
* is topologically factorial.
Some topological properties related to factorization
Definition 3.1. A topological monoid T is said to enjoy property A if whenever the following properties hold:
, then there exists an h ∈ T such that (H; ∆) converges to h, and such that f = gh.
Proposition 3.2. Let T be a topological monoid such that
i) The quotient group
∼ is an embedding. Then T has property A.
Proof. We can regard the equation F (δ) = G(δ)H(δ) as an equation in
T ×T ∼ , and conclude that H(δ) = F (δ)/G(δ). Since inversion and multiplication is continuous in a topological group,
, with the ordinary multiplication of complex numbers. Then the quotient group of D is the punctured complex plane C \ {0}, and D is not closed in its quotient group. Furthermore, it is easy to see that D does not have property A. Let L = −1 and x = i/2. Let, for n ≥ 1, g n = i/2 − 2 −n−1 and
Definition 3.4. A topological monoid T is said to enjoy property B if whenever the following properties hold:
then there exists an e ∈ T such that (φ; ∆) converges to e, and such that e |f .
Definition 3.
5. An algebraic monoid T is said to enjoy property C if there is defined a function
such that for any a,
Equivalently, T has property C iff the divisibility relation on T is archimedian. Proof. Write a = p∈B(T ) p α(p) and b = p∈B(T ) p β(p) . Then it is easily seen that for any r ∈ N + ,
Clearly, either a |b, or there is a unique r ∈ N + that is maximal with the above property.
In order to understand when unique convergent factorization into atoms implies unique convergent factorization into topologically prime elements (recall that unique factorization into atoms implies that atoms are primes, hence unique factorization into primes) we make the following definition: Definition 3.7. A topological monoid T is said to enjoy property E, or to allow arbitrary decimation if whenever b = s∈S e s is convergent, and T ⊂ S, then s∈T e s is convergent. A weaker condition will also be useful: we say that T has property E', or allows cofinite decimation, if s∈T e s is convergent whenever S \ T is finite. Example 3.9. Let T be the topological monoid of all non-negative rational numbers, with addition as the monoid operation. Then T does not have property E (it does however have property E').
To see this, consider the convergent sum 1 = ∞ i=1 2 −i , whose partial sums consist of all real numbers between 0 and 1. Lemma 3.10. Suppose that the topological monoid T has property E, and that x = i∈I e i is a convergent product in T . Let ∅ = J I, and put y = i∈J e i . Then y |x .
The same conclusion holds if T has property E', and I \ J is finite.
Proof. The product y = i∈J is convergent because of the assumptions. The product z = i∈I\J e i is also convergent, and clearly x = yz.
Proposition 3.11. Any topological monoid of the form N X , with the product topology, and any free abelian monoid, discretely topologized, has properties A, B, E.
Proof. We do the proofs for N X , the other case is similar. If F, G, H, f, g, ∆ are as in Definition 3.1, then for each x ∈ X we have that f (δ)(x) = F (δ)(x) and g(δ)(x) = G(δ)(x) for all sufficiently large δ ∈ ∆. Defining h(x) = f (x) − g(x) we get that H → h and that f = gh.
If φ, ∆, f is as in Definition 3.4, then for each x ∈ X we have that φ(δ)(x) ≤ φ(δ ′ )(x) ≤ f (x) for all δ ∈ ∆. Any bounded increasing sequence in N converges, so let e(x) be the eventually constant value of φ(δ)(x). Then e has the desired properties.
Since s∈S e s is convergent iff for each x ∈ X, for all but finitely many s ∈ S we have that e s (x) = 0, any subproduct of a convergent product converges.
We also need:
Lemma 3.12. Let T be a topological monoid. Suppose that b = s∈S e s is convergent, and suppose that for each s ∈ S, e s = l∈Gs f l is convergent. Then if G is the disjoint union of the
Proof. This follows from the theorem of iterated limits of nets [7, Theorem 2.4].
topologically prime factorial monoids
The simplest examples of topologically prime factorial monoids are the free abelian, discretely topologized monoids. A more interesting class is given by the following lemma:
Lemma 4.1. Let X be any set, and let H = N X be given the product topology, and the componentwise addition. Then H is a topologically prime factorial monoid. Proof. The atoms of H are the unit vectors e x defined by e x (y) = δ x,y . They are also topologically prime. It is easy to see that the element f : X → N can be written uniquely as a convergent product x∈X x f (x) .
Lemma 4.2. Suppose that T is a reduced topological monoid which has property E'. Suppose furthermore that either a) T is topologically prime atomic, or b)
T is topologically factorial. and let x ∈ T \ {1}. Then the following are equivalent:
Proof. It suffices to show that an irreducible element is topologically prime. Suppose therefore that x is irreducible. In the first case, x may be written as a convergent product of topologically prime elements. We claim that this product must have only one factor. Hence, x is topologically prime.
To establish the claim, we argue by contradiction, and write x = i∈I e i with e i topologically prime, and where I is not a singleton. Choose an j ∈ I and put y = e j and z = i∈I\{j} e i . The latter product is convergent because of property E'. Then x = yz, in contradiction to the fact that x is irreducible.
In the second case, if b = s∈S e s is a convergent product, and if x |b , we must show that x |e t for some t ∈ S. Write each e s as a convergent product e s = v∈Gs f v , where f v is irreducible, and let G be the disjoint union of the G s 's. Then b = v∈G f v is a convergent product of irreducible elements by Lemma 3.12. Since x |b there is an y ∈ T such that b = xy. Write y as a convergent product of irreducibles: y = w∈W q w , then
From uniqueness of such factorization, we have that x = f v for some v ∈ G, that is for some v in some G t . Then x |e t for the corresponding e t , by Lemma 3.10, since x = f v occurs as a term in a convergent product converging to e t . Proof. We first prove that property E implies property B. Write f = a∈B(T ) a α(a) , and φ(δ) = a∈B(T ) a β(a,δ) . Since φ(δ) |f we have, using Lemma 2.13, that β(a, δ) ≤ α(a) for all a, δ. Furthermore, β(a, δ) ≤ β(a, δ ′ ) whenever δ ≤ δ ′ . Define γ(a) = lim δ∈∆ β(a, δ); since β(a, ·) : ∆ → N is increasing and bounded, this limit exists. Since T has property E, a∈B(T ) a γ(a) = g is convergent. We have that γ(a) ≤ α(a) for all a, and that φ(δ) → g. Clearly, g |f .
Corollary 4.3. If T is topologically factorial and has property E' then T is topologically prime factorial.

Proposition 4.4. If T is a reduced topological monoid, and if T has property E', then if
Conversely, if T has properties B and E', let x = i∈I e i be a convergent product in T , and let J ⊂ I. Let ∆ be the set of all finite subset of J, and let, for S ∈ ∆, φ(S) = i∈S e i . We must prove that the net (∆, φ) converges.
First, note that φ(S) |x for all S ∈ ∆; this follows from Lemma 3.10 since T has property E'. Secondly, for S ⊂ S ′ we have that φ(S) |φ(S ′ ) (since both S and S ′ are finite). Hence, from property B we get that (∆, φ) converges.
Examples of topologically prime factorial monoids
5.1. Inverse limits of free abelian monoids. An interesting class is given by the following theorem, which we quote from [9] : Theorem 5.1. A denumerable surjective inverse limit of free abelian monoids, discretely topologized, is c-topologically prime factorial. Now suppose that M i is a denumerable inverse limit of topological monoids (for simplicity, we assume that the index set is N). Denote by ϕ Proof. Suppose that ac = b, then ρ n (a)ρ n (c) = ρ n (b) for all n ∈ N. Conversely, if ρ n (a)c n = ρ n (b) for all n ∈ N, then we also have that ρ n+1 (a)c n+1 = ρ n+1 (b), hence
which by cancellativity implies that ϕ n+1 n (c n+1 ) = c n . Thus the c n 's form a coherent sequence, defining an element c ∈ M such that ρ n (c) = c n . Clearly ac = b.
Proposition 5.3. Each of the properties A, B, C, and E are preserved under projective limits. That is, if each M i has property A, B, C, or E, then lim ← − M ν has the corresponding property.
Proof. In the proofs below, we will use the following property of the inverse limit topology over and over again: a sequence (or indeed net)
(A) We first show that property A is preserved. Suppose that F, G, H, ∆, f, g is as in Definition 3.1.
Since (F ; ∆) converges to f ∈ T we have that (ρ i • F ; ∆) converges to ρ i (f ) for all i ∈ N. Similarly, (ρ i • G; ∆) converges to ρ i (g) for all i ∈ N. Now, each M i has property A, which means that the net (
for all i, which by Lemma 5.2 implies that g |f , in other words that there exists a (unique) h ∈ T such that f = gh. Since the net (ρ i • H; ∆) converges for each i ∈ N, the net (H; ∆) converges. It is clear that it can not converge to any other element than h. (B) We now show that if each M i of the projective system above has property B, then so does the projective limit of the system. Let i ∈ N, and let (φ; ∆) and f be as in the definition.
. Since M i has property B, (ρ i • φ; ∆) converges to a divisor of ρ i (f ). This implies, since i was arbitrary, that (φ; ∆) converges to a divisor of f . (C) Suppose that each M i of the projective system above has property C. We must demonstrate that so does the projective limit of the system. Choose a, b ∈ T , a = 1, and denote, for every i ∈ N, by d(i) the non-negative integer div(ρ i (a), ρ i (b)). Then, for every j < i we have that
Hence the function d : N → N is non-increasing and therefore eventually constant. Denote by N this constant value. Then, for sufficiently large i ∈ N, we have that
, that is, the c i 's form a coherent sequence. Therefore, there exist some c ∈ M such that c i = ρ i (c) for sufficiently large i ∈ N, and such that b = a N c. It is clear that a N +1 |b. Hence, defining div(a, b) = N , it has the desired properties. (D) Suppose that every M i has property E, and let M ∋ b = s∈S e s be a convergent product of elements in lim ← − M ν . Let T ⊂ S. Then s∈T e s is convergent iff s∈T ρ n (e s ) is convergent for all n, which it is, since s∈S ρ n (e s ) is convergent and M n has property E.
Using Theorem 5.1 and Proposition 5.3, we get:
Corollary 5.4. A denumerable inverse limit of discretely topologized, free abelian monoids, is a c-topologically prime factorial monoid fulfilling properties A, B, C, and E.
5.1.1. An inverse limit of polynomial rings. Define a topological commutative ring R to be a ctopological UFD iff each non-zero non-unit in R may be written uniquely (up to association and order) as a convergent countable product of irreducibles. Hence, R is a c-topological UFD iff its multiplicative monoid is c-topologically prime factorial. The discrete version of this assertion is the well-known fact that R is a UFD iff its multiplicative monoid is factorial (the direct product of a group with a free abelian monoid).
From our previous results, and from the fact that inverse limits commute with reduction (dividing out with the associating congruence) we have that any countable inverse system of (discretely topologized) UFDs, which is surjective when restricted to the units, has a inverse limit which is a c-topological UFD. In particular, if R n = K[x 1 , . . . , x n ], and the connecting homomorphisms are given by the maps
then the inverse limit is a c-topological UFD. It is not a UFD, since there are infinite products such as
, and hence there are infinite strictly ascending chains of principal ideals [2] . 5.2. Entire functions in the complex plane. Let H be the set of all functions analytic in the complex plane. By pointwise multiplication, and using the topology of pointwise convergence, H becomes a topological monoid. In more detail, if f : C → C and g : C → C are two analytic functions, we define f g : C → C by f g(z) = f (z)g(z). If (f n ) n∈N is a sequence of elements in H,
Clearly, the units in H are the functions without a zero in C, and the irreducible elements are the functions with a single zero of multiplicity 1. Any analytic function has a denumerable zero-set, and by Weierstrass factorization theorem, if f ∈ H has zero-set {a 1 , a 2 , a 3 , . . . }, and zeroes at these points with multiplicities m 1 , m 2 , m 3 , . . ., then f can be written as
where g is a unit in H, and each h i is an atom in H, having its sole zero at a i . Furthermore, if we have two different such expressions,
is a unit in H. Hence, H is topologically factorial. It is easily verified that H has property E, hence Corollary 4.5 implies that H is topologically prime factorial.
Topologizing the topological factorization monoid
Let as before H be a topological monoid, which we assume is cancellative, reduced and Hausdorff. We want to topologize Z(H) in such a way as to achieve the following:
1. Z(H) is a topological monoid. 2. The homomorphism π H is continuous. 3. Any bounded increasing sequence of finitely supported elements in Z(H), for which the image under π H converges in H, converges in Z(H). 4. For each a ∈ A, the projection map pr a : Z(H) → N defined by (e v ) v∈A → e a is continuous.
In (3), we use the ordinal product of the partially ordered sets N for comparison in Z(H) ⊂ N A(H) . This condition is motivated by the following:
Proof. This is inherit in the definition of Z(H).
Example 6.2. The two last conditions are sometimes in discord. For instance, if H is the topological monoid of Example 2.5, then the factorization monoid is isomorphic to H as algebraic monoids: Z(H) = i∈N Na i , and the factorization homomorphism π H maps a 0 to e 0 and a n to e n . Now, consider the sequence f i = a i for i > 1. We have that π H (f i ) → e 0 = π H (f 0 ). However, pr a0 (f i ) = 0 for all i > 0, so pr a0 (f i ) → 0, whereas pr a0 (f 0 ) = 1. Hence, if we topologize Z(H) so that (5) holds, then (4) can not hold.
We call the weakest topology on Z(H) such that π H is continuous the q-topology. Lemma 6.3. If Z(H) is given the q-topology, then (1), (2) , (3) and (5) (2) , and (4) hold.
For our purposes, the following compromise seems most useful: we try to simultaneously fulfill (1), (2) , (3) and (4) . Apparently, we must find some topology stronger than the product topology, and stronger than the quotient, yet weak enough that (3) holds. Furthermore, it must be strong enough to make sequences of the form f i considered above diverge. We are led to: Definition 6.4. The compromise topology on Z(H) is the weakest topology such that π H and all pr a are continuous.
In other words, the compromise topology is the supremum (in the lattice of topologies on the set Z(H)) of the q-topology and the topology of pointwise convergence. (ii) (1) , (2) , (3) and (4) are fulfilled.
Proof. (i) Since Z(H) is Hausdorff with the topology of pointwise convergence, and the compromise topology is stronger, the first assertion follows.
(ii) (1) is obvious, (2) and (4) follow immediately from the definition. (3) follows from the definition of Z(H).
(iii) We have that f i → f with respect to the topology of pointwise convergence iff pr a (f i ) → pr a (f ) for all a ∈ A, and f i → f with respect to the q-topology iff π H (f i ) → π H (f ). Since the compromise topology is the supremum of these two topologies, f i → f with respect to the compromise topology iff pr a (f i ) → pr a (f ) for all a ∈ A and π H (f i ) → π H (f ).
We henceforth assume that Z(H) is given the compromise topology. Proof. Suppose that H is a submonoid of N X for some set X. Then clearly Z(H) ≃ H as algebraic monoids. If Y = { x ∈ X ∃f ∈ H : f (x) = 0 } then we may assume that Y = X, otherwise H is algebraically isomorphic to a submonoid of N Y . Suppose furthermore that H has the product topology. A net (f i ) i∈I in Z(H) converges to f ∈ Z(H) iff 1. π H (f i ) → π H (f ) in H, 2. f i (a) → f (a) for all a ∈ A(Z(H)). We claim that the first condition implies the second. First, note that π H (f i ) → π H (f ) iff π H (f i )(x) → π H (f )(x) for all x ∈ X. Furthermore π H (A(Z(H))) = A(H) = χ(X), the set of all characteristic functions on the singletons in X. Identifying χ(X) with X, we get a bijection between A(Z(H)) and X, which we denote by θ. Then for all g ∈ Z(H), a ∈ A(H) we have that g(a) = π H (g)(θ(a)). Thus we see that the two conditions 1) and 2) above are in fact equivalent; we conclude that π H is a homeomorphism.
Conversely, if π H is an isomorphism of topological monoids, then as algebraic monoids H ≃ Z(H), which is submonoid of N X with X = A(H). Furthermore, π H is a homeomorphism, hence it suffices to show that Z(H) has the product topology. As before, we see that for a net (f i ) i∈I in Z(H) to converge to f ∈ Z(H) it is enough that f i (a) → f (a) for all a ∈ A(H), since if this condition is fulfilled, it follows that π H (f i ) → π H (f ) in H.
Recall that for a discretely topologized monoid, the factorization monoid F (A(H)) is free abelian. Similarly, for a topological monoid H, we have: Theorem 6.7. If H is a topological monoid, then Z(H) is topologically prime factorial.
Proof. We first note that A(Z(H)) = { χ a a ∈ A(H) } , These elements are also topologically prime: recall that f |g in Z(H) iff f (a) ≤ g(a) for all a ∈ A(A), hence χ a |g iff g(a) ≥ 1. Now suppose that v∈V f v is a convergent product in Z(H).
If χ a v∈V f v then 1 ≤ v∈V f v (a), hence f v (a) ≥ 1 for at least one v ∈ V , hence χ a |f v for that v. Clearly, each element f ∈ Z(H) can be written uniquely as a product (we insist on regarding Z(H) as a multiplicative, not additive, monoid) f = a∈A(A) χ a f (a) . This product is clearly convergent with respect to the topology of point-wise convergence. By construction, it is also convergent with respect to the q-topology, hence with respect to the compromise topology. 
